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[Mozannar & Sontag, 2020]
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probability that the expert is correct



softmax implementation [Mozannar & Sontag, 2020]



𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

[Mozannar & Sontag, 2020]softmax implementation



𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

[Mozannar & Sontag, 2020]softmax implementation



𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

𝗑 ……
K classes 

𝗀1(𝗑) 𝗀K(𝗑)𝗀k(𝗑) 𝗀⊥(𝗑)

defer  
“class"  

𝗀θ

[Mozannar & Sontag, 2020]softmax implementation



𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

𝗑 ……
K classes 

𝗀1(𝗑) 𝗀K(𝗑)𝗀k(𝗑) 𝗀⊥(𝗑)

defer  
“class"  

𝗀θ

𝗀k(𝗑) ∈ ℝ

[Mozannar & Sontag, 2020]softmax implementation



𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

𝗑 ……𝗀1(𝗑) 𝗀K(𝗑)𝗀k(𝗑) 𝗀⊥(𝗑)𝗀θ

[Mozannar & Sontag, 2020]softmax implementation



𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

𝗑 ……𝗀1(𝗑) 𝗀K(𝗑)𝗀k(𝗑) 𝗀⊥(𝗑)𝗀θ

……𝗁1(𝗑) 𝗁K(𝗑)𝗁k(𝗑) 𝗁⊥(𝗑)

[Mozannar & Sontag, 2020]softmax implementation



𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

𝗑 ……𝗀1(𝗑) 𝗀K(𝗑)𝗀k(𝗑) 𝗀⊥(𝗑)

𝗁i(𝗑) = exp{𝗀i(𝗑)}
∑K+1

k=1 exp{𝗀k(𝗑)}

𝗀θ

……𝗁1(𝗑) 𝗁K(𝗑)𝗁k(𝗑) 𝗁⊥(𝗑)

[Mozannar & Sontag, 2020]softmax implementation



𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

𝗑 ……𝗀1(𝗑) 𝗀K(𝗑)𝗀k(𝗑) 𝗀⊥(𝗑)

𝗁i(𝗑) = exp{𝗀i(𝗑)}
∑K+1

k=1 exp{𝗀k(𝗑)}

𝗀θ

……𝗁1(𝗑) 𝗁K(𝗑)𝗁k(𝗑) 𝗁⊥(𝗑)

[Mozannar & Sontag, 2020]softmax implementation



𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

𝗑 ……𝗀1(𝗑) 𝗀K(𝗑)𝗀k(𝗑)

𝗁⊥(𝗑) = exp{𝗀⊥(𝗑)}
∑K+1

k=1 exp{𝗀k(𝗑)}

𝗀θ

……𝗁1(𝗑) 𝗁K(𝗑)𝗁k(𝗑) 𝗁⊥(𝗑)

[Mozannar & Sontag, 2020]

𝗀⊥(𝗑)

softmax implementation



𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model
𝗁i(𝗑) = exp{𝗀i(𝗑)}

∑K+1
k=1 exp{𝗀k(𝗑)}

[Mozannar & Sontag, 2020]softmax implementation



ℓ(θ; 𝗑, 𝗒, 𝗆) = − log 𝗁𝗒(𝗑) − 𝕀[𝗒 = 𝗆] ⋅ log 𝗁⊥(𝗑)

𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

loss function

𝗁i(𝗑) = exp{𝗀i(𝗑)}
∑K+1

k=1 exp{𝗀k(𝗑)}

[Mozannar & Sontag, 2020]softmax implementation



ℓ(θ; 𝗑, 𝗒, 𝗆) = − log 𝗁𝗒(𝗑) − 𝕀[𝗒 = 𝗆] ⋅ log 𝗁⊥(𝗑)

𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

loss function

𝗁i(𝗑) = exp{𝗀i(𝗑)}
∑K+1

k=1 exp{𝗀k(𝗑)}

[Mozannar & Sontag, 2020]softmax implementation



ℓ(θ; 𝗑, 𝗒, 𝗆) = − log 𝗁𝗒(𝗑) − 𝕀[𝗒 = 𝗆] ⋅ log 𝗁⊥(𝗑)

𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

loss function

𝗁i(𝗑) = exp{𝗀i(𝗑)}
∑K+1

k=1 exp{𝗀k(𝗑)}

[Mozannar & Sontag, 2020]softmax implementation



ℓ(θ; 𝗑, 𝗒, 𝗆) = − log 𝗁𝗒(𝗑) − 𝕀[𝗒 = 𝗆] ⋅ log 𝗁⊥(𝗑)

𝔇 = {𝗑n, 𝗒n, 𝗆n}N
n=1

training data

model

loss function

𝗁i(𝗑) = exp{𝗀i(𝗑)}
∑K+1

k=1 exp{𝗀k(𝗑)}

[Mozannar & Sontag, 2020]softmax implementation



max
y∈[1,K]

𝗁y(𝗑) ≤ 𝗁⊥(𝗑)

input  
features classifier

expert
defer to expert if…

allocation 
mechanism



⊗  single expert 
⊗  softmax surrogate loss 
⊗  improving calibration via one-vs-all 

⊗  multiple experts 
⊗ surrogate losses 
⊗ conformal sets of experts  

⊗  population of experts 
⊗ surrogate losses 
⊗ meta-learning a rejector 



⊗  single expert 
⊗  softmax surrogate loss 
⊗  improving calibration via one-vs-all 

⊗  multiple experts 
⊗ surrogate losses 
⊗ conformal sets of experts  

⊗  population of experts 
⊗ surrogate losses 
⊗ meta-learning a rejector 



How well can the softmax-based 
system estimate expert correctness?

?
̂𝗉(𝗆 = 𝗒 |𝗑) ≈ ℙ(𝗆 = 𝗒 |𝗑)



How well can the softmax-based 
system estimate expert correctness?

?
⊗  optimal allocation 
⊗  transparency 
⊗  detecting distribution shift    

_(in the expert)

̂𝗉(𝗆 = 𝗒 |𝗑) ≈ ℙ(𝗆 = 𝗒 |𝗑)



How well can the softmax-based 
system estimate expert correctness?

̂𝗉(𝗆 = 𝗒 |𝗑) ≈ ℙ(𝗆 = 𝗒 |𝗑)



How well can the softmax-based 
system estimate expert correctness?
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degenerate 
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∑K+1
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……𝗀1(𝗑) 𝗀K(𝗑)𝗀k(𝗑) 𝗀⊥(𝗑)

[Proposition 3.1]
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26.7 ±1.8

8.0 ±1.0

estimating expert correctness

̂𝗉 distance:      vs ℙ̂𝗉



But does one-vs-all  
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ℙ(𝗆1 = 𝗒 |𝗑)

ℙ(𝗆2 = 𝗒 |𝗑)ℙ(𝗆3 = 𝗒 |𝗑)

ℙ(𝗒 |𝗑)

arg max
j

ℙ(𝗆j = 𝗒 |𝗑)
else, pick best expert: 
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conformal inference

ℙ (𝗃* ∈ 𝖢(𝗑)) ≥ 1 − α

team of experts: adaptive in size and membership

construct a confidence set of experts:

ℙ(𝗆j* = 𝗒 |𝗑) > ℙ(𝗆e = 𝗒 |𝗑), ∀e ≠ j *
assume there’s a best expert, j*:
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𝖢(𝗑) = { },

𝗆1predictions: 𝗆3
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𝖢(𝗑) = { },

𝗆1predictions: 𝗆3

aggregated prediction: �̄�
(e.g. by voting)

conformal inference: ensembling
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∑
n

(1 − 𝗋(𝗑n)) 𝕀[𝗁(𝗑n) ≠ 𝗒n] + 𝗋(𝗑n) 𝕀[𝗆n ≠ 𝗒n]

0-1 loss

ℓ(𝗋, 𝗁; 𝔇) =

classifier loss expert loss 
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estimators

̂𝗉(𝗆 = 𝗒 |𝗑) = 𝗁⊥(𝗑)
1 − 𝗁⊥(𝗑)softmax:

one-vs-all: ̂𝗉(𝗆 = 𝗒 |𝗑) = 𝗁⊥(𝗑)

si
ng

le
 e

xp
er

t 
m

ul
ti-

ex
pe

rt softmax:

one-vs-all:

̂𝗉(𝗆j = 𝗒 |𝗑) =
𝗁⊥,j(𝗑)

1 − ∑J
e=1 𝗁⊥,e(𝗑)

̂𝗉(𝗆j = 𝗒 |𝗑) = 𝗁⊥,j(𝗑)





[Davidson et al., ICWSM 2017]
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conformal inference: train-time

expert #1 expert #2 expert #3



expert #1 expert #2 expert #3

𝗁⊥,1(𝗑) 𝗁⊥,2(𝗑) 𝗁⊥,3(𝗑)

conformal inference: train-time



expert #1 expert #2 expert #3

using validation data, compute the  
(1-α)-quantile of a conformity statistic:

̂q1−α

𝗁⊥,1(𝗑) 𝗁⊥,2(𝗑) 𝗁⊥,3(𝗑)

conformal inference: train-time



expert #1 expert #2 expert #3

conformal inference: test-time
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conformal inference: test-time

expert #1 expert #2

𝗁⊥,3(𝗑) 𝗁⊥,1(𝗑) 𝗁⊥,2(𝗑)> >

𝖢(𝗑) = { }
check if:

∑
e∈𝖢(𝗑)

𝗁⊥,e(𝗑) ≥ ̂q1−α

expert #3

?



conformal inference: test-time

expert #1 expert #2

𝗁⊥,3(𝗑) 𝗁⊥,1(𝗑) 𝗁⊥,2(𝗑)> >

𝖢(𝗑) = { } 𝗁⊥,3 ≥ ̂q1−α
?

check if:



conformal inference: test-time

expert #1 expert #2

𝗁⊥,3(𝗑) 𝗁⊥,1(𝗑) 𝗁⊥,2(𝗑)> >

𝖢(𝗑) = { } 𝗁⊥,3 ≥ ̂q1−α

check if:



conformal inference: test-time

expert #2

𝗁⊥,3(𝗑) 𝗁⊥,1(𝗑) 𝗁⊥,2(𝗑)> >

𝖢(𝗑) = { } 𝗁⊥,3 + 𝗁⊥,1 ≥ ̂q1−α
?

,
check if:



conformal inference: test-time

expert #2

𝗁⊥,3(𝗑) 𝗁⊥,1(𝗑) 𝗁⊥,2(𝗑)> >

𝖢(𝗑) = { } 𝗁⊥,3 + 𝗁⊥,1 ≥ ̂q1−α,
check if:



𝗁⊥(𝗑)

Estimating ℙ(𝗆 = 𝗒 |𝗑)

valid confidences   

̂𝗉(𝗆 = 𝗒 |𝗑)


