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Bayes Theorem

θY = data = model parameters

p(θ |Y) = p(Y |θ) p(θ)
p(Y)
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Garbage in: arbitrary priors 
Garbage out: uncontrollable error bars 

Michael I. Jordan, MLSS  (2017)

p(θ |Y) = p(Y |θ) p(θ)
p(Y)

Bayes Theorem
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= data,      = true function,      = model uncertainty      

p(y|X;✓)
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What are good 
priors for  

Bayes neural nets?
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Current Priors for Bayes NNs
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Current Priors for Bayes NNs
Shrinkage Priors on Weights

θ ∼ N(0, τ)
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Current Priors for Bayes NNs
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Current Priors for Bayes NNs
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⊗ Infinite width limits 
⊗ Divergences involving stochastic processes 
⊗ Pre-training the prior

Complications to Bayes Workflow

x xx
y y y

f ∼ GP
Nonparametric Priors on NN’s Function

 Computation:  
 Encoding beliefs:



[Lee, 2004]



[Lee, 2004]

[Nalisnick, 2018]



[Lee, 2004]

[Nalisnick, 2018]

[Fortuin, 2021]
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Predictive Complexity Priors

⊗ Define a notion of model selection: 
divergence from a reference model. 

⊗ Then perform a change of variables 
to get a proper prior on the weights. 
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Predictive Complexity Priors
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Builds off of



Usual Way
p(

θ)

θ



p(y |θ)

p(
θ)

θ

Usual Way



p(y |θ)

p(
θ)

θ

Samples from induced 
distribution on predictive 

models / functions 

Usual Way
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“Complexity” of Models



“Complexity” of Models
This Work



p−1(y |θ)

“Complexity” of Models
This Work



p−1(y |θ)

p(
θ)

θ

“Complexity” of Models
This Work



y ∼ p(y |θ)
θ ∼ p(θ |τ)

DATA  MODEL:

PRIOR:

Model of Interest



y ∼ p(y |θ)
θ ∼ N(ϕ, τ#)

NEURAL NET:

 WEIGHT PRIOR:

Model of Interest



Model of Interest

GOAL Define Hyper-Prior

p(τ)

y ∼ p(y |θ)
θ ∼ N(ϕ, τ#)

NEURAL NET:

 WEIGHT PRIOR:
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METHOD:
Recipe for  

Prior Specification



Three Steps



STEP #1 Define Reference Model

p(y |ϕ)
Same parameters as the 
mean of our first-level prior:

Three Steps

θ ∼ N(ϕ, τ#)



STEP #1 Define Reference Model

p(y |ϕ)
Same parameters as the 
mean of our first-level prior:

Three Steps

θ ∼ N(ϕ, τ#)
These parameters (   ) should encode our 
inductive bias or prior beliefs.

ϕ



STEP #2 Specify Divergence

Three Steps
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κ = $θ|τ [%[p(y |θ) | | p(y |ϕ)]]
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Specify Divergence
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STEP #2

κ = $θ|τ [%[p(y |θ) | | p(y |ϕ)]]

Three Steps

Specify Divergence

Divergence between model of 
interest and reference model

Expectation taken 
over first-level prior

If divergence is KL, then this is the expected bits lost 
when approximating the full model with the 
reference model.



STEP #3 Define Prior & Reparametrize

Three Steps

π (κ)

$θ|τ%



STEP #3 Define Prior & Reparametrize

Three Steps

p(τ) = π (κ) ∂κ
∂τ



STEP #3

Three Steps

p(τ) = π (κ) ∂κ
∂τ
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∂τ

Define Prior & Reparametrize
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Three Steps

p(τ) = π (κ) ∂κ
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Define Prior & Reparametrize

FINAL FORM



STEP #3

Three Steps

Define Prior & Reparametrize

STEP #2 Specify Divergence
STEP #1 Define Reference Model

= π ($θ|τ [%[pθ | | pϕ]]) ∂$θ|τ%
∂τ

FINAL FORM



κ ∼ π ($θ|τ%)Generative Process

$θ|τ%

π(
κ)



τ = ($θ|τ%)−1(κ; pθ, pϕ)

κ ∼ π ($θ|τ%)Generative Process

$θ|τ%

π(
κ)



τ = ($θ|τ%)−1(κ; pθ, pϕ)

κ ∼ π ($θ|τ%)Generative Process
p(

τ)

τ

$θ|τ%

π(
κ)



Meaningful Notion of Scale

θ
ϕ

θ ∼ N(ϕ, τ#)



Meaningful Notion of Scale

θ
ϕ

θ ∼ N(ϕ, τ#)

Scale (   ) is determined by how 
quickly our model’s predictions 
(on training data) deviate from 
the reference model’s

τ



Limiting Prior

lim
θ→ϕ

()% [pθ | | pϕ]
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order 
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Limiting Prior

lim
θ→ϕ

()% [pθ | | pϕ] = 1
2 (θ − ϕ)2I[ϕ] +

higher 
order 
terms

p(τ) = π ( 1
2 τ I[ϕ]) 1

2 I[ϕ]

Fisher information for the 
reference parameter
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SANITY CHECK: SHRINKAGE 
FOR LOGISTIC REGRESSION



βd ∼ N(0, τλd)
λd ∼ C+(0,1)

y ∼ Bernoulli (f(βTx))
Shrinkage Prior for Logistic Regression



βd ∼ N(0, τλd)
λd ∼ C+(0,1)

y ∼ Bernoulli (f(βTx))
Shrinkage Prior for Logistic Regression

τ ∼ p(τ)



βd ∼ N(0, τλd)
λd ∼ C+(0,1)

Reference model:

y ∼ Bernoulli (f(βTx))
Shrinkage Prior for Logistic Regression

y ∼ Bernoulli (f(0Tx)) = Bernoulli (0.5)

τ ∼ p(τ)



Shrinkage Prior for Logistic Regression



Shrinkage Prior for Logistic Regression



Shrinkage Prior for Logistic Regression



Shrinkage Prior for Logistic Regression
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Application to  
Depth Selection  

in Neural Networks
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X E[y|x]h1 h2 h3

Layer-Wise Prior for NNs
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X E[y|x]h1 h2 h3

Layer-Wise Prior for NNs

θl ∼ N(0, τlΣ)
Layer index
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X E[y|x]h1 h2 h3

Layer-Wise Prior for NNs

y ∼ p(y |X, {θl}L
l=1)

Layer index

θl ∼ N(0, τlΣ)
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X E[y|x]h1 h2 h3

Layer-Wise Prior for NNs

Self-referential reference model:

X E[y|x]h1 h2 h3
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X E[y|x]h1 h2 h3
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X E[y|x]h1 h2 h3

Layer-Wise Prior for NNs

Self-referential reference model:

X E[y|x]h1 h2 h3

Divergence 
measures the 

additional 
capacity afforded 
by the extra layer

%[pl | | pl−1]
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X E[y|x]h1 h2 h3

Layer-Wise Prior for NNs

Self-referential reference model:

X E[y|x]h1 h2 h3



Joint Prior:

Layer-Wise Prior for NNs

Factorization nicely follows the 
NN’s layer structure.



Traditional Neural Net

Layer-Wise Prior for NNs

Residual Neural Net

hl+1 = F(hl) hl+1 = F(hl) + hl



Traditional Neural Net

Layer-Wise Prior for NNs

Residual Neural Net
p(τ)



Traditional Neural Net Residual Neural Net

Layer-Wise Prior for NNs
p(τ)



Layer-Wise Prior for NNs



Layer-Wise Prior for NNs
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Application to  
Meta-Learning



Few-Shot Learning



Few-Shot Learning

{yt, Xt}T
t=1



yt ∼ p(yt |Xt, θt),

Task-specific 
parameters

[Chen et al., 2019] propose the model:

Few-Shot Learning



yt ∼ p(yt |Xt, θt), θt ∼ N(ϕ, τ#)
Task-specific 
parameters

[Chen et al., 2019] propose the model:

Global, task-agnostic 
parameters

Few-Shot Learning



yt ∼ p(yt |Xt, ϕ)

Full Model:

Reference Model:

yt ∼ p(yt |Xt, θt)

Few-Shot Learning



yt ∼ p(yt |Xt, ϕ)

Full Model:

yt ∼ p(yt |Xt, θt)
Divergence represents 
how much information 
is lost when we use 
the task-agnostic 

parametersReference Model:

Few-Shot Learning



Few-Shot Learning



Few-Shot Learning



Few-Shot Learning



Few-Shot Learning
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ONGOING WORK:
Bayesian Updating



Consider Bayesian updating under the PredCP. 

Bayesian Updating



Consider Bayesian updating under the PredCP. 

It’s a bit weird because the PredCP conditions 
the model on the first set of features. 

τ ∼ p(τ; X1)
But shouldn’t we also account for subsequent    
feature observations?

Bayesian Updating



Generative Process 
for Bayes Updating



%(τ; X1)

Generative Process 
for Bayes Updating

$θ|τ%

π (
κ|

D 1
)



%(τ; X1)

%−1(κ; X2)
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D 1
)



%(τ; X1)

%−1(κ; X2)
Prior for t=2 

timestep

Generative Process 
for Bayes Updating

$θ|τ%

π (
κ|

D 1
)



%(τ; X1)

%−1(κ; X1)

Say we see the 
exact same features 
at the next time step

Generative Process 
for Bayes Updating

$θ|τ%

π (
κ|

D 1
)



%(τ; X1)

%−1(κ; X1)%−1(κ; X1)

Say we see the 
exact same features 
at the next time step

Prior for t=2 
timestep

Generative Process 
for Bayes Updating

$θ|τ%

π (
κ|

D 1
)



Simple Example: Linear Regression



For the shrinkage regression model, we get the t=2 
prior (t=1 posterior):
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For the shrinkage regression model, we get the t=2 
prior (t=1 posterior):

%−1
X2

∘ %X1
(τ) ∂ %−1

X2
∘ %X1

(τ)
∂τ

Ratio will be ~1 when features 
have similar second moments

Simple Example: Linear Regression



For the shrinkage regression model, we get the t=2 
prior (t=1 posterior):

%−1
X2

∘ %X1
(τ) ∂ %−1

X2
∘ %X1

(τ)
∂τ

Ratio will be ~1 when features 
have similar second moments
Of course, we usually standardize the 
first two moments anyway (z-scoring).

Simple Example: Linear Regression



Layer-Wise Prior for ResNets

Ratio of (prior) 
predictive variances



Future Work
One downside of the current formulation is that 
dependence across data points is not accounted for.

$θ|τ()% [pθ | | pϕ] =
N

∑
n=1

$θ|τ()% [p(+ |,n, θ) | | p(+ |,n, ϕ)]]



Future Work
One downside of the current formulation is that 
dependence across data points is not accounted for.

$θ|τ()% [pθ | | pϕ] =
N

∑
n=1

$θ|τ()% [p(+ |,n, θ) | | p(+ |,n, ϕ)]]

Ideally, we want to compute:

()% [$θ|τ[p(- |., θ)] | | p(- |., ϕ)]]



Summary
⊗ Framework for specifying priors using a 

reference model 

⊗ Reparametrization allows us to think 
about whole models but then transfer 
beliefs to parameters. 

⊗ Reference models can be constructed 
by exploiting the compositional nature 
of NNs (eg layers)



Thank you. Questions?

enalisnick.github.io/ eric_nalisnick

arxiv.org/abs/2006.10801 2021


